Section 9.1

Chapter 9
Trigonometric Identities and Equations
9.1 Solving Trigonometric Equations with Identities

Section Exercises
Verbal
1. We know g(x) = cosx is an even function, and f(x) =sinx and /(x) = tanx are odd

functions. What about G(x)=cos’x, F(x)=sin’x,and H(x)=tan’x? Are they even, odd,
or neither? Why?
All three functions, ', G, and H, are even.

This is because F(—x) = sin(—x)sin(—x) = (—sinx)(—sinx) =sin’x = F(x),
G(—x) = cos(—x)cos(—x) = COSXCOS X = COS” X = G(x) and
H(—x) = tan(—x)tan(—x) = (—tanx)(—tanx) =tan’ x = H(x).

2.

3. After examining the reciprocal identity for sec?, explain why the function is undefined at
certain points.

Whencos? =0, then sect = %, which is undefined.

Algebraic
For the following exercises, use the fundamental identities to fully simplify the expression.
5. sin xcosxsecx

sin x
6.
7. tan xsin x + sec x cos” x
sec x
8.
cotf +tant¢
sec(—t)
csct
10,
11. —tan(—x)cot(—x)
-1
12. -
l+tan’6 .
13. —2+sm20+ .
csc  d sec” @
sec’ x
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Section 9.1

14. -
1-cos’x .
15. —2+251an
tan” x
sin x+1

For the following exercises, simplify the first trigonometric expression by writing the simplified
form in terms of the second expression.
16. -

secCx+cscx .
17. ————;sinx
1+ tanx

1
sin x
18. -

1
19. ———— —cotx; cotx
Sin x cos X

1

cotx
20. -

21. (secx+cscx)(sinx +cosx)—2—cotx; tan x

tan x
22. -

l-sinx 1+sinx
23. - ; secx and tanx

l+sinx 1-sinx
—4sec xtanx
24. -
25. secx; cotx
1

cot’ x

+1

+

26. -
27. cotx; sinx

+4/1—sin’x
sin x
28. -

For the following exercises, verify the identity.

29. cosx —cos’ x = cos xsin” x
Answers will vary. Sample proof:

cosx —cos’ x = cosx(l —cos? x)

=cosxsin’ x

30. -
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Section 9.1

1+sin’ x 1 sin® x
31. = + =1+2tan’ x

cos’x  cos’x cos’x
Answers will vary. Sample proof:
1+sin® x 1 sin’ x
= + =sec’ x+tan’ x =tan’ x+1+tan’ x =1+ 2tan’ x

cos’x  cos’x cos’x
32.-
33. cos’ x—tan’ x =2 —sin® x —sec’ x
Answers will vary. Sample proof:
cos® x —tan” x = 1—sin’ x—(sec2 x—l) =1-sin’x—sec’ x+1=2—sin’ x —sec’ x
Extensions

For the following exercises, prove or disprove the identity.
34. -

35. csc? x(l +sin’ x) =cot’ x

False

36. -

37, Anx sin(-x) = cos® x
sec x
False

38. -

39, 1+sinx _ cosx

cosx 1+ sin(—x)
Proved with negative and Pythagorean identities.

For the following exercises, determine whether the identity is true or false. If false, find an
appropriate equivalent expression.
40. -

41. 3sin*@ +4cos* @ =3 +cos’* O
True 3sin®@+4cos’ @ =3sin’ @+3cos’ O+cos’ O = 3(sin2 6 + cos’ ¢9)+cos2 6 =3+cos’ 6
42. -
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Chapter 9
Trigonometric Identities and Equations
9.2 Sum and Difference Identities

Section Exercises

Verbal
1.

Explain the basis for the cofunction identities and when they apply.
The cofunction identities apply to complementary angles. Viewing the two acute angles

. : : T
of a right triangle, if one of those angles measures x, the second angle measures B X.

. T . . ... .
Then sinx = COS(T —x). The same holds for the other cofunction identities. The key is

that the angles are complementary.

Explain to someone who has forgotten the even-odd properties of sinusoidal functions
how the addition and subtraction formulas can determine this characteristic for

J(x)=sin(x) and g(x) = cos(x).(Hint; 0-x = -x)

sin(—x) = —sinx, so sinx is odd. cos(—x) = cos(O — x) =COSX, SO cosxis even.

Algebraic

For the following exercises, find the exact value.

4.

5.

243
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For the following exercises, rewrite in terms of sin x and cosx.
10. -

11. sin(x—?’—ﬂ)
4

NG

——sinx———cosx
2 2

12. -

13. cos(x+2?ﬂ)

——cosx——35inx
2 2

For the following exercises, simplify the given expression.
14. -

15. sec(f-e)
2

cscl
16. -

17. tan(z—x)
2

cotx

18. -

) (5]
tan| —x |—-tan| —x
19. 2 >
3 7
l+tan| —x |tan| —x
(27 (s7)
X
tan| —
i)

For the following exercises, find the requested information.
20. -

717



Section 9.2

21. Given that sina = %, and cosb = %, with a and b both in the interval [O,%) , find

sin(a—b) and cos(a +b).
s (IS}
cos(a +b) =(§)(%)_(§)(2\3ﬁ) _ 3—185\5

For the following exercises, find the exact value of each expression.
22. -

23. cos[cosl (ﬁ] +sin”' (ED
2 2

-6

4

24. -

Graphical

For the following exercises, simplify the expression, and then graph both expressions as
functions to verify the graphs are identical.

25. cos(z—x)
2

sin x

26. -
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27. tan(£+x)
3
T
cot| ——x
6
y
10}
4 / X
27 4 5?17 o
28. -
29. tan E—X
4
T
cot| —+x
5]
y
30. -
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31. sin(£+x
4

N~———

32.-

For the following exercises, use a graph to determine whether the functions are the same or
different. If they are the same, show why. If they are different, replace the second function with
one that is identical to the first. (Hint: think2x = x+x)

33. f(x) = sin(4x) - sin(3x)cosx, g(x) = sinxcos(3x)
They are the same.

34. -

35. f(x) = sin(3x)cos(6x), g(x) = —sin(3x)cos(6x)
They are different, try g(x) = sin(9x) — cos(3x)sin(6x).

36. -

(98]

W

3

~

. f(x) = sin(2x), g(x) =2sin xcosx
They are the same.
38. -

39. f(@):tan(20),g(9)=%
They are different, try g(@) = %.

—tan
40. -
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~ tan x — tan(Zx)

41. f(x)ztan(—x), g(x)_ 1—tanxtan(2x)

) tanx—tan(Zx)
They are different, try g(x) = E— (2x) .

Technology

For the following exercises, find the exact value algebraically, and then confirm the answer with
a calculator to the fourth decimal point.
42. -

43. sin(195°)

3-1
22

, or —0.2588

44, -

45. cos(345°)

1++/3
, or 0.9659
22

46. -

Extensions
For the following exercises, prove the identities provided.

47. tan x+£ =tanx+1
4 l-tanx
V.4
tan| x+— | =
%)

Ja
tanx + tan| —
4

T
l-tanxtan| —

tanx +1 B tanx +1
I-tanx(l) 1-tanx

48. -
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b
49. M =]-tanatanb
cosacosb
cos(a+b)
cosacosbh

cosacosbh sinasinb
- =]-tanatanb

cosacosb cosacosbh

50. -
cos(x+h)—cosx cosh—-1 . sinh
51. =COSX —sinx——
h
cos(x+h)—cosx
p =
cos x cosh—sin xsinh—cos x B
h
cos x(cosh—1) —sin xsinh cosh—-1 . sinh
P = COoS —sinx

For the following exercises, prove or disprove the statements.

52. -
tanu —tanv
53. tan (1 —v) = —o i~V
l+tanutanv
True
54. -

55. If e, B, and y are angles in the same triangle, then prove or disprove sin(a + B ) =siny.
True. Note that sin(a + [ ) = sin(Jr - y) and expand the right hand side.
56. -
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Chapter 9
Trigonometric Identities and Equations
9.3 Double-Angle, Half-Angle, and Reduction Formulas

Section Exercises
Verbal

L. Explain how to determine the reduction identities from the double-angle identity
cos(Zx) =cos’ x—sin’ x.
Use the Pythagorean identities and isolate the squared term.

2. -

v1-cosx
W1+ cosx
b

. [x X
formula for sin (E) by COS( > ) Explain how to determine two formulas for tan (E)

3. We can determine the half-angle formula for tan (%) == by dividing the

that do not involve any square roots.
1-cosx _sinx . multiplying the top and bottom by /1 -cosx andv1+cosx,
sinx l+cosx
respectively.
4. -

Algebraic
For the following exercises, find the exact values of a) sin2x b) cos2x, and c) tan2x without
solving for x.

. 1
5. If sinx = ?’ and x is in quadrant I.

WNT a1 3T

)73, 035 973

1
7. If cosx = 5 and x is in quadrant I11.

NE

3
) b)—% )3

8 -

For the following exercises, find the values of the six trigonometric functions if the conditions
provided hold.
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9. cos(20)= g and 90" <6 <180°

25 . 5 5
COS@:—T, Sln9=§, tan9=—%, csc@zx/g, SeCQ:—T, cotld =-2

10. -

For the following exercises, simplify to one trigonometric expression.

11. 2sin r 2.¢cos r
4 4
2sin(£)
2

12. -

For the following exercises, find the exact value using half-angle formulas.

. T
13. sin| —
g

22
2
14. -

. (11x
15. sin| —
)

16. -]

Sz

17. tan| —
12
RY/4
19. tan| ——
8

—-1-+2

. (X X X
For the following exercises, find the exact values of a) sin (E) > b) €OS (5) > and ¢) tan (E)

without solving for x, when 0 < x <360°.
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20. -

) 12
21.If sinx = ~713> and ¥ is in quadrant IIL.

3ﬁ§m_2JB

RINE 13 972
22. -
23.1£ SeCX =4, 4nd x is in quadrant I1.
b) £ c)

For the following exercises, use the diagram to find the requested half and double angles.

a

5
)
12
24. -
25. Find sin(2x), cos(2a), and tan(2cx).
120 119 120
169° 169" 119
26. -
27. Find sin « coS e d tan @
. rm 2 N 2 , all 2 .
2413 £ 2
13 '3

For the following exercises, simplify each expression. Do not evaluate.
28. -

29. 2cos*(37°)-1
cos(74")
30. -

31. cos’(9x)—sin*(9x)
cos(18x)
32. -
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33. 6sin(5x)cos(5x)
3sin(10x)

For the following exercises, prove the identity given.
34. -
35. sin(2x) = —2sin(—-x)cos(—x)
-2 sin(—x)cos(—x) =-2(- sin(x)cos(x)) = sin(2x)

36. -
37. —s1n(249) tan’ @ = tan’ 0
1+cos(26’)
sin (26) fan’ g = 2sin(6’)cos‘(0) fan’ ) =
1+cos(26) 1+cos’ @ -sin’ 6
2sm(t9)(zos(6) fan’ 0 = s1n(t9) tan’ g =
2cos” cost

cot(#)tan 6 = tan &

For the following exercises, rewrite the expression with an exponent no higher than 1.
38. -
39, cos*(6x)

1+ cos(12x)
2
40. -

41. sin*(3x)

3+ cos(12x)— 4 cos(6x)
8

42. -
4+ 2
43. cOS xSIn” x
2+ cos(2x)—2cos(4x)—cos(6x)
32

44, -

Technology
For the following exercises, reduce the equations to powers of one, and then check the answer
graphically.
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45. tan x
3+ cos(4x)—4cos(2x)
3+ cos(4x)+4cos(2x)

46. -

47. sin’® xcos” x
1—cos(4x)
8
48. -

49. tan* xcos’ x
3+ cos(4x)—4cos(2x)

4(cos(2x)+1)
50. -
51. cos’ (2x)sinx
(1 +COS (4x))sinx
2

52.-

For the following exercises, algebraically find an equivalent function, only in terms of sin x
and/or cosx, and then check the answer by graphing both equations.

53. sin(4x)
4sin x cos x(cos2 x —sin’ x)

54. -

Extensions
For the following exercises, prove the identities.

55. sin(2x) = 220X

1+ tan’® x
2sinx 2sinx
2tanx _ cosx  _ COS X _
1+tan® x 14 sinx  cos’ x +sin’ x
cos’ x cos’ x

: 2
2sinx cos” x . .
. = 2sin xcos x = sin(2x)
COS X 1

56. -
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57. tan(2x) = 23MXCOS X
2cos” x—1

2sinxcosx _ sin(2x)

= = tan(2x
2cos’x-1  cos(2x) (2%)

58. -
59. sin(3x) =3sinxcos’ x—sin’ x
sin(x + 2x) = sin x cos(2x) + sin(2x) cos x
= sin x(cos® x —sin’ x) + 2sin X cos x COs x
=sin xcos® x —sin’ x + 2sin xcos” x

=3sinxcos® x —sin’ x
60. -
61. l+cos(2t) 2cost

sin(2t)—cost ~ 2sinz-1

1+cos(2¢) 1+2cos’t-1

sin(2t)—cost © 2sintcost —cost

_ 2cos’t
cost(2sint —1)

B 2cost
2sint -1

62. -
63. cos(16x) = (cos2 (4x) —sin’ (4x) - sin(Sx))(cos2 (4x) —sin’ (4x) +sin (8x))

(cos” (4x) - sin® (4x) - sin (8x))(cos” (4x) - sin® (4x) + sin (8x)) =
= (cos(8x) - sin(8x)) (cos(8x) + sin(8x))

= cos’ (Sx) —sin? (Sx)
= cos(16x)
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Chapter 9
Trigonometric Identities and Equations
9.4 Sum-to-Product and Product-to-Sum Formulas

Section Exercises
Verbal
1. Starting with the product to sum formula sinccos = %[sin((x + ﬁ) + sin(a - ﬁ)},

explain how to determine the formula for cososin 3.

Substitute « into cosine and f into sine and evaluate.

3. Explain a situation where we would convert an equation from a sum to a product and
give an example.
Answers will vary. There are some equations that involve a sum of two trig expressions

. sin(3x) + sin x
where when converted to a product are easier to solve. For example: Sin3x) +sin =1.
CoS X
. . 2sin(2x)cos x
When converting the numerator to a product the equation becomes: ——————— =1.
CoS X

Algebraic
For the following exercises, rewrite the product as a sum or difference.

5. 16sin(16x)sin(11x)
8(cos(5x) —CoS (27x))

7. -2 sin(5x)cos(3x)
sin(2x)+sin (8x)

9: sin (—x)sin (5x)
%(cos (6x)- cos(4x))

10. -
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For the following exercises, rewrite the sum or difference as a product.
11. cos (6t) + cos(4t)
2cos(5t)cost

12. -
13. cos(7x) + cos(—7x)

2cos (7x)
14. -
15. cos(3x) + cos(9x)

2cos(6x)cos(3x)
16. -

For the following exercises, evaluate the product for the following using a sum or difference of
two functions. Evaluate exactly.

17. cos(45°)cos(15°)
1
Z(1+\/§)
18. -
19. sin(—345°)sin(—15°)
L\3-2)
20. -
21. sin(—45°)sin(—15°)

(-

For the following exercises, evaluate the product using a sum or difference of two functions.
Leave in terms of sine and cosine.
22. -

23. 25sin(100°)sin(20°)
cosS (80°) - cos(120°)
24. -
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25. sin(213°)cos(8°)
%(sin(22l°) + sin(205°))

26. -

For the following exercises, rewrite the sum as a product of two functions. Leave in terms of sine
and cosine.

27. sin(76°)+sin(14°)

x/zcos(3l°)

28. -

29. sin(101°)-sin(32°)
2cos(66.5°)sin(34.5°)

30. -

31. sin(—1°)+sin(—2°)
2sin(~1.5°)cos(0.5°)

For the following exercises, prove the identity.
32. -

33. 4sin(3x)cos(4x) = 2sin(7x)-2sinx
2sin (7x) —2sin x = 2sin(4x +3x) - 2sin(4x - 3x) =
2(sin(4x)cos(3x) + sin(3x) cos(4x)) — 2(sin(4x) cos(3x) — sin(3x) cos(4x)) =
2sin(4x)cos(3x) + 2sin(3x) cos(4x)) — 2sin(4x) cos(3x) + 2sin(3x) cos(4x)) =
4sin(3x)cos(4x)

34. -

35. sinx +sin(3x) = 4sinxcos’ x
. , _ )
sin x + sm(3x) - 2s1n(4—2x)cos(7x) =

2sin(2x)cos x = 2(2sin x cos x) cos x =

4sin x cos® x
36. -
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37. 2tanxcos(3x) = secx(sin(4x) - sin(2x))
2sin xcos(3x) _ 2(.5(sin(4x) —sin(2x))) _
COS X COS X

Ztanxcos(3x) =

(sin(4x) - sin(2x)) =secx (sin (4x) —sin (Zx))

COS X
38. -

Numeric

For the following exercises, rewrite the sum as a product of two functions or the product as a
sum of two functions. Give your answer in terms of sines and cosines. Then evaluate the final
answer numerically, rounded to four decimal places.

39. cos(58°)+cos(127)
2co0s(35%)cos(23°), 1.5081
40. -

41. cos(44°)—cos(22%)
—2sin(33%)sin(11°), -0.2078

42. -

43, sin(—14°)sin(85%)

%(cos(99°)—cos(7l°)), ~0.2410

Technology
For the following exercises, algebraically determine whether each of the given expressions is a
true identity. If it is not an identity, replace the right-hand side with an expression equivalent to
the left side. Verify the results by graphing both expressions on a calculator.

44. -
cos(lOé’) + cos(6l9)
cos(6<9) —cos(lOH)
It is an identity.
46. -

47. 2cos(2x)cos x +sin (2x)sin x = 2sin x

45. = cot(26)cot(86)

It is not an identity, but 2 cos’ x is.
48. -
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For the following exercises, simplify the expression to one term, then graph the original function
and your simplified version to verify they are identical.
sin(9t) - sin(3t)
' cos(9t) + cos(3t)
tan (3t)

50. -
sin(3x) —sinx

sin x
2cos(2x)

52. -
53. sinxcos(le) —COoS xsin (15x)

—sin(14x)

Extensions
For the following exercises, prove the following Sum-to-Product Formulas.

54. -

55. cosSx+cosy = ZCos(x;y)cos(%)

Start with cos x + cos y. Make a substitution and let x=a + f andlet y=a - £, so

cosx +cos y becomes cos(a + ) +cos(a - f) =
cosa cos S —sinasin S +cosacos f+sinasin S =

2cosacos fB
Since x=a+ f and y=a -, we can solve for & and £ in terms of x and y and

substitute in for 2cosa cos f and get 2cos ( al ; Y ) cos (%) .

For the following exercises, prove the identity.
56. -

cos(3x) +Cosx

cos(3x) —Cosx
cos 3x) +cosx 2c0s(2x)cosx

(
cos(3x)—cosx - —2sin(2x)sinx

= —cot(Zx)cotx

57.

= —cot(2x)c0tx

58. -
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59, cos(2y) COS(4y)=tany
sm(2y)+sm(4y)
cos(2y)—cos(4y) ~ —2sin(3y)sin(—y)
sin(2y)+sin(4y) - 25in(3y)cosy -
25in(3y)sin(y) _tany
2sin(3y)cos y

60. -
61. cosx—cos(3x) =4sin’ xcos x

COS X —COS (3x) = -2sin(2x)sin(—x) =

2(2sin xcos x)sin x = 4sin” xcos x
62. -

63. tan z—t =1—tant
4 l+tant

Ja
tan| — |—tan¢
V4 4 l—tant
tan| ——t¢ | =

4 1+tan(4)tan(t) I+tanz
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Chapter 9
Trigonometric Identities and Equations
9.5 Solving Trigonometric Equations

SECTION EXERCISES
Verbal

L. will there always be solutions to trigonometric function equations? If not,

describe an equation that would not have a solution. Explain why or why not.

There will not always be solutions to trigonometric function equations. For a
basic example, cos(x) = —5.

2. -

3. When solving linear trig equations in terms of only sine or cosine, how do we
know whether there will be solutions?

If the sine or cosine function has a coefficient of one, isolate the term on one side
of the equals sign. If the number it is set equal to has an absolute value less than or
equal to one, the equation has solutions, otherwise it does not. If the sine or cosine
does not have a coefficient equal to one, still isolate the term but then divide both
sides of the equation by the leading coefficient. Then, if the number it is set equal
to have an absolute value greater than one, the equation has no solution.

Algebraic

For the following exercises, find all solutions exactly on the interval 0 <9 <27.
4. -

5. 2sinf=+/3
n2n
373

6. -

7. 2cosf=—2
3 Sw
Fa

8. -

9. tanx=1
n 5w
Py

10. -
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11. 4sin*x-2=0

sin’ x = —

12. -
For the following exercises, solve exactly on [0, 2.7).

13. Zcos¢9=\/§
cosl§’=—2
2

z I
4’ 4
14. -

15. 2sin @ = -1
) 1
sinf = ——

Tx 11z
6 6
16. -

17. 2sin(36) =1

Sa 137 177 257 297
6 6 6 6 6
x St 137 177 257 297

18718 18 ~ 18~ 18 18

18. -
19. 2cos(3l9) = —\/5

b b

30=-2,
6

2 M

—_ N

Sm 17z 137 197 217
4747 47 4 4
3_][5_JT 11z 137 197 21w

12712712 712 7 12

b b
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20. -

21. 2sin(70)=1
sin(m9)=l

2
Sz 13z 177 257 297 377

6 6 6 6 6 6

m9=£,
6

6’66 6 6 6 6

For the following exercises, find all exact solutions on [O, 2Jz').

23. sec(x)sin(x)—2sin(x)=0

sin(x) —2sin(x) =0

cos(x)
sinx =0

x=0,71

sin(x) = 2sin(x)

cos(x)
1

cos(x) -

cos(x) =

N | =

5

B

T
X=—,
3

o W

JT

O,Z,ﬂf,—
3 3

24. -
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25. 2cos’ t+cos(t) =1
2coszt+cos(t)—l =0
(2cost—1)(cost+1)=0

1
CcoSt = —
2

T Sm
f==,"—

3’
cost =-1
t=u
.4 Y4
_’ﬂ’_
3 3

26. -

27. 2sin(x)cos(x)—sin(x)+2cos(x)—1=0
(2sin(x) cos(x) - sin(x)) +2cos(x)-1=0
sin(x)(2c0s(x) - 1) + 1-(2005(x) - 1) =0
(sin(x)+ 1)(2008()() —1) =0

sinx = -1

29. sec’x=1
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31. 8sin’*(x)+6sin(x)+1=0
8sin’(x) +6sin(x)+1=0

(4sinx+1)(2sinx+1)=0

sinx =——
4
a1
x=sin" | -—
)
sinx =—-—
2
Iz llx
6 6
4 1\ 77 117 O
aT-sin" | -—|,—,—,2x+sin” | ——
4) 6 6
32. -

For the following exercises, solve with the methods shown in this section exactly on the

interval [0,277).
33. sin(3x)cos(6x)—cos(3x)sin(6x)=—-0.9

fo o ) o -t )

3

dr 1( . (9 S 1( . (9
—+—|sin" [—||,—=-=|sin" [ —
3 3 10 3 3 10

34. -

35. cos(2x)cosx +sin(2x)sinx =1
(1 —2sin? x)cosx+ 2sinxcosxsinx =1
cosx —2sin’ xcosx + 2sin’ xcosx =1

cosx=1
0
36. -

37. 9cos(26) =9cos’ 6 -4
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Section 9.5

9(cos2 6 —sin* x) =9cos’f -4
9cos’ @ -9sin’ x =9cos* O -4

—9sin’ @ = -4

sin’ @ _4
9

39. cos(2t) =sint
1-2sin’¢ =sint
0=2sin’¢+sinz—1

0 =(2sint—1)(sint+1)

sint = —

U]N)—l

T
"6
sint = -1

t=

SN

¥

=

3

2
40. -

SN I

St
6

2 2

For the following exercises, solve exactly on the interval [O, 2Jr). Use the quadratic formula

if the equations do not factor.
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41. tanzx—\/gtanx=0
tanzx—\/gtanx= 0
tanx(tanx—\/g) =0

tanx =0

43. sin* x-2sinx-4=0
sinx—-2sinx-4=0
22(-2) —41:(-4) 25420 22245
21 -y 1w

no solutions, 1++/5 exceeds =1

sinx =

There are no solutions.
44. -

45. 3cos* x—2cosx-2=0

25 (-2) -43:(-2) 2238 2227 1247

2-3 6 6 3

COSX =

741



Section 9.5

47. tan’ x+Stanx-1=0

52 \(5)-4-1(-1) 52429
2-1

)

tanx =

X = tan™' (—_5 i@)
2

tan™' (%(@—5)),:”&1{‘ (%(—@—5)),ﬂ+tan"l (%(@—5)),%“@‘1 (%(—@—5))

48. -

49. —tan’*x—tanx-2=0
tan’x+tanx+2=0
Sl (1) -41(2) —12477  —12i7
tanx = = =
2-1 2 2
There are no solutions.

For the following exercises, find exact solutions on the interval [0,2). Look for

opportunities to use trigonometric identities.

50. -
51.  sin*x+cos’x=0
1=0
There are no solutions
52. -

53. cos(Zx)—cosx =0
2cos’x—1-cosx=0
2cos’x—cosx—1=0
(2cosx+l)(cosx—1) =0

COSX =——
27w 4
X=—,—
33
cosx =1
x=0
0,27 41
33
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54. -

55. 1-=cos(2x)=1+cos(2x)

0 =2cos(2x)
0=cos2x
7z 3 St Ix
2x=—,—,—,—
222 2
z 37 Sm I
44744

56. -

57. 10sinxcosx =6cos x

58.

59.

10sinxcosx—6¢cosx =0
2cosx(55inx—3) =0

cosx=0

4cos’ x—4=15cosx
4cos’x—15cosx—-4=0
(4cosx+1)(cosx—4) =0

1
COSX =——
4

a1
xX=cos | -——

cosx=4

impossible
cos™'| - 1 2w —cos™' | - 1
4 4
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60. -

61. 8cos’ @ =3-2cosb

63.

8cos’@+2cosf-3=0
(2cos€—1)(4cos€+3) =0

12sin’ # +cost =6 =0
12(1—coszt)+cost—6= 0
12-12cos*t+cost -6 =0
—12cos*t+cost+6=0
12cos*t —cost -6 =0
(4c0st—3)(3cost+2) =0

3
cost =—
a3
t=cos | —
2
cost=-—
3
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65. cos’ t = cost
cos’t—cost =0
cost(cos’t-1)=0

cost(cost+1)(cost—1) =0

cost =0
7T 3
f=—,—
2°2
cost = -1
t=m
cost =1
t=0
O’E’ﬂ93_‘7r
2 2
Graphical

For the following exercises, algebraically determine all solutions of the trigonometric
equation exactly, then verify the results by graphing the equation and finding the zeros.
66. -

67. 8cos’ x—2cosx—1=0
(2cosx—1)(4cosx+1) =0

1
COSX = —
2

o Sm
X=—,—
33
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69. 2cos’ x—cosx+15=0
(2cosx—5)(cosx—3) =0

5
COSX =—
2
cosx =3
There are no solutions.
70. -
71.
(2tanx+3)(tanx+2)=0
3
tanx =-——
2
(-3
X =tan -—
2
tanx = -2
x=tan™ (-2)

x+tan” (-2),7 + tan™ (—%),2ﬂ'+ tan™' (-2),27 + tan”' (—%)

72. -

Technology
For the following exercises, use a calculator to find all solutions to four decimal places.
73. sinx =0.27
27wk +0.2734, 27k + 2.8682

74. -

75. tanx = -0.34
ak-0.3277

76. -

For the following exercises, solve the equations algebraically, and then use a calculator to
find the values on the interval [0,27). Round to four decimal places.
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77. tan* x +3tanx-3=0

—3+,/3"-4-1-(-3) 3=«
( ) 3_2\/5z0.6694,1.8287

tanx = =
2-1

Add 7 to 0.6694 and 1.8287 to obtain solutions in quadrants III & IV
0.6694,1.8287,3.8110,4.9703

78. -

79. tan® x —secx =1

)
sin” x 1 _1

COS2 X COSX

.2
sin” x 1
coszx( - )=1'cos2x

cos’x cosx

sin® x —cosx —cos’ x =0
(l—coszx)—cosx—coszx =0
1-2cos’x—cosx=0

2cos’ x+cosx—1=0
(2cosx—1)(cosx+1) =0

COSX =

1.0472,3.1416,5.2360
80. -

81. 2tan’ x+9tanx -6 =0
~9+,/9°-4-2:(-6) —9=+/129
22 4
Add 7z to values found in quadrants I & II to obtain solutions in quadrants Il & IV

tanx =

0.5326,1.7648,3.6742,4.9064
82. -
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Extensions

For the following exercises, find all solutions exactly to the equations on the interval
[0,27).

83. csc’x—3cscx-4=0
(cscx—4)(cscx+1)=0

cscx =4

.1 . a1\ 37
sin” | — |,r—sin" | = |,—
4 41 2

84. -

85. sin® x(l —sin? x) +cos’ x(l —sin? x) =0
sin® xcos’x+cos*x=0
cos’ x(sin2 X + cos’® x) =0

cos’x-1=0
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87. sin® x -1+ 2cos(2x)-cos’ x =1
—coszx+2(2cos2x—1)—c0s2x=1
2cos’x =3

, 3
cos" x =—
2

3 . . :
cosx = i\/; the two values obtained are outside of the possible range

of values for cosine
There are no solutions.
88. -
sin ( 2x)
sec’ x
2sinxcosx
1

cos’ x

&9. =0

0

2sinxcos’ x =0
sinx=0
x=0,7
cosx=0
a 3
X=—,—
2°2
O’E’ﬂ’3_7z
2 2
90. -

91. 2cos” x—sin’ x—cosx-5=0
2cos2x—(1—c0s2x)—cosx—5=0
3cos’x—cosx—-6=0

La (1) -4:3:(-6) 15472 1262

2-3 6 6
The two values obtained are outside of the possible range

COSX =

of values for cosine
There are no solutions.

92.-
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Real-World Applications

93.

94.

95

96.

97.

98.

99.

An airplane has only enough gas to fly to a city 200 miles northeast of its current
location. If the pilot knows that the city is 25 miles north, how many degrees
north of east should the airplane fly?

sinf = 25 = 1
200 8
H=sin‘1(l)
8
7.2°

- If a loading ramp is placed next to a truck, at a height of 2 feet, and the ramp is 20

feet long, what angle does the ramp make with the ground?

sinf = 2 = L
20 10
0 =sin™ L
10
5.7°

An astronaut is in a launched rocket currently 15 miles in altitude. If a man is
standing 2 miles from the launch pad, at what angle is she looking down at him
from horizontal? (Hint: this is called the angle of depression.)

tanl9=1—5
2

19=tan'1(§)
2

82.4°

A man is standing 10 meters away from a 6-meter tall building. Someone at the
top of the building is looking down at him. At what angle is the person looking at
him?

tan6’=£=§
10 5

0
0=tan‘1(§)
5
31.0°
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100. -

101. A 90-foot tall building has a shadow that is 2 feet long. What is the angle of
elevation of the sun?

tan @ = 2 =45
2

6 =tan™' (45)

88.7°

102.-

103. A spotlight on the ground 3 feet from a 5-foot tall woman casts a 15-foot tall
shadow on a wall 6 feet from the woman. At what angle is the light?

tan @ = 15 =é
(3+6) 3
H—tan‘l(é)
3
59.0°

For the following exercises, find a solution to the following word problem algebraically.
Then use a calculator to verify the result. Round the answer to the nearest tenth of a

degree.
104. -

105. A person does a handstand with her feet touching a wall and her hands 3 feet
away from the wall. If the person is 5 feet tall, what angle do her feet make with
the wall?

sin¢9=E
5

H=sin‘1(§)
5

36.9°
106. -
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Chapter 9 Review Exercises
Section 9.1

For the following exercises, find all solutions exactly that exist on the interval [O, 2 )

1. csc’t=3

B (B (Y, (B
sm(3),ﬂ—sm(3),ﬂ+sm(3], ﬂ—sm(3)

3. 2sinf=-1

Iz 17
6 6
4, -

9sinw -2 =4sin’* w

. a1 . a1
sin" | — |,m—sin" | —
4 4

6. -
For the following exercises, use basic identities to simplify the expression.

7. secxcosx+cosx—
secx

1
8. -

For the following exercises, determine if the given identities are equivalent.
(1 —cos’ x)(l +cos’ x)

cos’ x

9. sin®x+sec’x—1=

Yes
10. -

Section 9.2
For the following exercises, find the exact value.

11. tan 7—77
12

243
12. -
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13. sin(70°)cos(25°)— cos(70°)sin(25°)

2

2
14. -

For the following exercises, prove the identity.
15. cos(4x)-cos(3x)cosx =sin” x -4 cos” xsin’ x

cos(4x) —CoSs (3x)cosx = cos(2x + 2x) - cos(x + 2x)cosx
= cos(2x)c0s(2x) —sin(2x)sin(2x) — cosxcos(2x)cosx +sin xsin(2x)cosx
2 - 2 2 2 « 2 2 2 + 2 . .
= (cos X —sin x) —4cos” xsin” x —cos x(cos X —sin x) +sin x(2)sin xcos xcosx
2 : 2 2 2 < 2 2 2 < 2 - 2 2
= (cos X —sin x) —4cos” xsin” x — cos x(cos X —sin x)+2s1n XCcos“ x
=cos’ x —2cos” xsin? x +sin® x — 4cos” xsin? x — cos® x + cos® xsin’ x + 2sin’ xcos’ x
=sin® x —4cos” xsin” x + cos® xsin” x
=sin? x(sin2 X +cos? x) —4cos® xsin’ x

=sin® x —4cos” xsin’ x

16. -
For the following exercise, simplify the expression.
2)els)
tan| —x |+tan| —x
17. —\2 8
1 1
I-tan| —x |tan| —x
(5[
(+)
tan| —x
8

For the following exercises, find the exact value.
18. -

19. tan

sin” (0)+sin™ (%))

—

&
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Section 9.3
For the following exercises, find the exact value.
20. -

21. Findsin(2l9), cos(2l9), and tan(2t9) given secf = —% and @ is in the interval

)

24 7 24

257 257 7
22. -

23. sec(3—”)
8

2(2++2)

For the following exercises, use the figure to find the desired quantities.

For the following exercises, prove the identity.
26. -

27. cotxcos(2x) = —sin(2x) +cotx
cotxcos(2x) = cotx(l —2sin? x)

cos X .
(2)sin” x

=Ccotx—

sin x
= —25In X COS X + cot x

= —sin(2x) + cot x
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For the following exercises, rewrite the expression with no powers.
28. -

29. tan® xsin® x
10sin x —5sin (3x) + sin(Sx)
8(cos(2x)+1)

Section 9.4
For the following exercises, evaluate the product for the given expression using a sum or
difference of two functions. Write the exact answer.

30. -

31 2sin(2—ﬂ)sin(5—n)
' 3 6

NE

2
32.-

For the following exercises, evaluate the sum by using a product formula. Write the exact
answer.

33. sin il —sin 7—”
' 12 12

J2

2
34. -

For the following exercises, change the functions from a product to a sum or a sum to a
product.
35. sin(9x)cos(3x)

%(sin(6x) +sin(12x))

36. -
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37. sin(11x)+sin(2x)

oo 3
2sin| —x |cos| —x
2 2

38. -
Section 9.5

For the following exercises, find all exact solutions on the interval [O, 2:1’).

39. tanx+1=0
RV SENF 1
47 4

40. -

For the following exercises, find all exact solutions on the interval [O, 2]1’).

41. 2sin’ x—sinx =0

O,E,S—n,n
6 6
42. -
43. 2sin’ x +5sinx+3=0
3r
2
44. -
45. > +2+sinx+4cos’x=0
sec” x

No solution

For the following exercises, simplify the equation algebraically as much as possible.

Then use a calculator to find the solutions on the interval [0, 277). Round to four decimal
places.
46. -

47. csc* x-3cscx—-4=0
0.2527,2.8889,4.7124

For the following exercises, graph each side of the equation to find the zeroes on the
interval [0, 2.7).
48. -

49. sec’ x-2secx =15
1.3694, 1.9106, 4.3726, 4.9137
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Chapter 9 Practice Test

For the following exercises, simplify the given expression.

! cos(—x)sinxcotx +sin’ x

2. - 1

3. csc(ﬁ)cot(@)(sec2l9—l)
sec(@)

4. -

For the following exercises, find the exact value.

5. cos 7—”
12

V2-6
6. -

7. tan[sin‘1 72 +tan‘1\/§J

8. -
0. cos(3_”+e)
4
—%cos(é’)——sm(ﬁ)
10. -

For the following exercises, find all exact solutions to the equation on [0, 27).

11. cos® (320)tan2 (320)

1—cos(64°)
2
12. -
13. cos* x—sin*x-1=0
0,
14. -
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15. cos(2x)+sin*x =0

T 3n
272
16. -
17. Rewrite the expression as a product instead of a sum: COS(ZX) +CoS (—8x).
2cos(3x)cos(5x)

For the following exercises, rewrite the product as a sum or difference.
18. -
For the following exercises, rewrite the sum or differnce as a product.

19. 2(sin(86)-sin(46))
4sin(26)cos(60)
20. -
21. Find the solutions of sec® x —2secx =15 on the interval [0, Zn) algebraically;

graph both sides of the equation to determine the answer.
1.3694, 1.9106, 4.3726, 4.9137

For the following exercises, find all solutions exactly on the interval 0 <0 <.
22. -

23. \/gcot(y)=1

60°
24. -

25. Find sin (g) , COS (g), and tan (g) given cosf = % and 0 is in quadrant [V.

26. -
For the following exercises, prove the identity.

27. tan’ x — tan xsec’ x = tan(-x)
tan’ x — tan xsec’ x =

tanx(tan2 x —sec’ x) =
tanx(tan2 x—(l +tan’ x)) =
tanx(tan2 x—1-tan’ x) =

—tanx =

tan(—x) = tan(—x)
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28. -
29, s1n.(2x) ~ cos(2x) —secx
sin x CcoS X
sin(2x) cos(2x) ~
sin x cosx

2sinxcosx 2cos’x—1

sin x COS X

1
2coSx—2cosx + =
COS X

1

COS X

SecX = secx
30. -
31. The displacement A(¢) in centimeters of a mass suspended by a spring is modeled by the

function A(t) = %sin(lZOm),, where? is measured in seconds. Find the amplitude, period,

and frequency of this displacement.
Amplitude: %, peri0d6l—0, frequency: 60 Hz

32.-
33. Two frequencies of sound are played on an instrument governed by the equation
n(t) = 8cos(20s¢) cos(1000sz¢). What are the period and frequency of the “fast” and

“slow” oscillations? What is the amplitude?
Amplitude: 8, fast period: %, fast frequency: 500 Hz, slow period: %, slow

frequency: 10 Hz

34. -

35. A spring attached to a ceiling is pulled down 20 cm. After 3 seconds, wherein it
completes 6 full periods, the amplitude is only 15 cm. Find the function modeling the
position of the spring ¢ seconds after being released. At what time will the spring come
to rest? In this case, use 1 cm amplitude as rest.

D(1)=20(0.9086)" cos(4nt), 31 seconds
36. -
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